UNIMODULAR MATRICES HOMOMORPHIC TO LORENTZ TRANSFORMATIONS

die FrepnoLmsche Determinante der Gl. (15) be-
deutet und N die oben mit e bezeichnete GroBe
ist, woraus dann die Fre0pnoLMsche Losung der In-
tegralgleichung (15) folgt. Da bei unserem Verfah-
ren derselbe Ausdruck fiir S(1,1, g) folgt wie bei
Marraews und Saram, so sollte die entsprechende
Reihenentwicklung nach Potenzen von g zu der
FrepnoLMschen Losung fithren. Dabei miilte eine
Identitédt bestehen zwischen den entsprechenden Ko-
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effizienten, die in beiden Fillen dieselben Kombina-
tionen der nach den beiden Verfahren beziehungs-
weise berechneten Propagatorausdriicke enthalten.
Man wiirde erwarten, da dadurch die Identitdt der
entsprechenden Propagatoren folgen wiirde. Jedoch
diirfte eine eingehende Untersuchung der betreffen-
den Propagatoren auf Grund des hier vorgeschlage-
nen Verfahrens erforderlich sein, um diese Frage zu
entscheiden.
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We generalize the usual homomorphism between 2 x 2 unimodular matrices B(4) and restricted
4 x 4 Lorentz matrices A to the case of one timelike and n > 2 spacelike dimensions. For every
such n which is even (odd), this generalization associates homomorphically to each restricted (ortho-
chronous) (n-+1)-dimensional LorenTz matrix a set of N x N-dimensional unimodular matrices, where
N=2n/2 or 2(n—1)/2, depending on whether n is even or odd. In the case n > 2, we prove the
theorem that, if B(A) and B(AT) are any two such unimodular matrices associated with 4 and
its adjoint AT, respectively, then B(AT) =w B(A)t, where w is an Nth root of unity and  means
hermitean adjoint. We also prove that for n>>3 one can select these two unimodular matrices so
that this equation holds with w=1, but that no such selection is possible for n=2, 3.

The purpose of the present paper is to establish
a homomorphic correspondence between a subgroup
of the unimodular matrices and the LoreNTz trans-
formations in (n+1)-dimensional space with one
timelike and n >2 spacelike dimensions. This cor-
respondence, which generalizes the well-known cor-
respondence for n=3 between 2 X2 unimodular
matrices and 4 X 4 restricted LoreNntz transforma-
tions, is established in Section 1. We have devoted
Section 2 to two proofs, which we believe to be
simple, of a theorem on the unimodular matrix as-
sociated with the transpose of an (n + 1)-dimensional
Lorentz matrix for n = 2. This theorem is essen-

1 See, for example, p. 41, Eq. (2.8) of the article of E. P. Wic-
~Er on “Unitary Representations of the Inhomogeneous
Lorentz Group Including Reflections” in Group Theoretical
Concepts and Methods in Elementary Particle Physics, Gor-
don and Breach, New York 1964.

I. M. Gev’ranp, R. A. Mixvos, and Z. Ya. Suariro, Represen-
tations of the Rotation and Lorentz Groups and Their Ap-
plications, Pergamon Press, New York 1963, p. 170—171.

tially known for the case of three spatial dimen-
sions 2, the only accessible proof being, however,
that in reference 2.

1. Homomorphism Between Lorentz Trans-
formations and Unimodular Matrices

for n =2

Consider a fixed irreducible set 7; (k=1,2,...,
n) of n =2 hermitean matrices which satisfy the
equation 3

Tkrl+TlTk=26kl]- (k,l=1,2,...,n). (1)

Even if not stated explicitly, the inequality n = 2 is always
supposed to hold in this paper. Lower case Greek and Latin
indices run over 0,1,...,n and 1, 2,...,n, respecti-
vely, and all equations involving free indices of these two
types should be understood to hold for all values in these
respective ranges. Summations over Greek and Latin indices
also run over the full ranges of these indices.
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It is well known* that the 7; and their products
with positive and negative signs, are homomorphic
to an abstract group of order 2"*!. Exploiting this
fact, one infers, in the first place, that for even n
there is exactly one irreducible set {7;}(k=1, 2,
..., n) within equivalence, the dimension of these
matrices being 2"2. Secondly, one concludes that
there are precisely two such inequivalent irreducible
sets for the case of odd n, the corresponding 7;
having dimension 2(*~1/2, In the latter case, 7,=
ApTiTy...Typ-1 in one of these irreducible sets and
Ty= —ApT{Tg...T,_1 in the other one, where 1,=
1(2) if n is of the form 41+ 1(41+3), [ being zero
or a positive integer. If we chose the 7; to be
unitary, which is always possible because they gener-
ate a representation of a finite group, then the 7;
are also hermitean, since their squares are unity.
This hermiticity property will be supposed to hold
in what follows.

For each (n+1)-vector (29 z!,...,2") we de-
fine the NV xX N matrix X (x) as the linear combina-
tion

X(z) =2 a#r, (2)
u
of the matrices 7, 74,..
unit matrix 4.
The symbol A= | 4%, | (u, »=0, 1,...,n) wil
denote the matrix of a transformation leaving the

., Ty3 Ty being the N x N

form (29)2— (21)2—...— (2*)2 invariant, so that

AGAT=G, (3)
where G=| g,, || is a diagonal matrix with gyy=1,
J11=-..=@m=—1 and T means transpose. In

particular, (AT)#,=4?,. Moreover, A will always
refer either to an orthochronous Lorentz transfor-
mation (A%>0) or to a restricted one (4°%>0
and det A =1).

The N x N matrix B(A) is defined as a unimodu-
lar solution of the equation

X(2) =X(4z) =B(4) X(2) B(D)T, (4)

for every A belonging to the groups of Lorentz
matrices, to be specified below, for which such solu-
tions exist. Here T denotes hermitean adjoint and

2r=(Az) =2 A4, 2.

4 P. Jorpax and E. P. Wiener, Z. Phys. 47, 631 [1928], espe-
cially pages 650 and 651. Although only the case of even n
is explicitly considered in this reference, the methods of the
cited two pages are easily applied to the case of odd n = 3.
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Eq. (4) is supposed to hold identically in the 2”.
Hence the familiar argument using the linear in-
dependence of the 7; shows that (4) can be re-
garded as a shorthand for the n+1 equations

2 4%, 7,=B(4) 7, B(4)*. (5)
w

The matrices A for which (4) or (5) admits a
unimodular solution are given by the two theorems,
valid for n = 2, which we now state.

Theorem 1. If n is even (odd), then B(A) exists
for each real orthochronous (restricted) (n+1)-di-
mensional LoreNtz matrix A and is determined by
(5) up to a multiplicative constant equal to an
arbitrary N** root of unity.

That the matrices A in Theorem 1 are the only
ones for which such unmodular solutions B(A) exist
is implied by

Theorem 2. If B is an arbitrary unimodular N-
dimensional matrix having the property that all the
B, B are linear combinations

Bz, Bt=3 L~ =z, (5")
"

of the 7, , then the unique matrix || L*,|| correspond-

ing to B in the sense of (5") is a real (n+1)-di-

mensional orthochronous (restricted) LoreENtz matrix

for even (odd) n.

The set B, of all matrices associated in the sense
of (5”) [or (5)] with the group of orthochronous
or restricted LoreENTZ matrices in the respective cases
of n even or n odd forms a group, as follows easily
with the aid of (5"). Theorems 1 and 2 inform us
that there is a 1-to-V onto mapping of the pertinent
one of these two Lorentz groups onto B,. Just as
in the well known case n =3, this onto mapping is
homomorphic because, if the unimodular matrices
By and B, correspond to the LoreENTz matrices 4
and A,, respectively, then it is clear, for example
from (4), that B, B, corresponds to A; A, .

The irreducibility of the set 7y,...,7, entails
that of B,. In fact, det7y= —1 for n=2, 3, as is
well known, and det 7;,=1 for n>3, as follows
from Eq. (17) of the present paper and the evenness
of N/2 for n>3. Since the 7; are two-dimensional
if n=2, 3, we therefore see that the matrices i1y
are unimodular for these two values of n. Moreover,
for n = 2 these matrices satisfy the equations

(" T/:) T, (i rk) t= T T, T = F 5

because of the hermiticity of the 7; and (1). Hence
we conclude that the obviously irreducible set {i ;)
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(k=1, ..., n) is a subset of B, if n=2, 3, and
hence that B, and B; are irreducible. Similarly, if
n>3, one can show that the irreducible set {7} of
n unimodular matrices 7; is in B,, so that B, is ir-
reducible for such n. Conversely, the irreducibility
of B, entails that of {7z} for n > 2.

Let us now prove the stated theorems.

Proof of Theorem 1.

We begin by showing that B(A) exists for each
restricted LoreENTz matrix A for n = 2.

Every such A of n+1 dimensions can be writ-
ten as a product

A=R2AkR1, (6)

where R, and R, are proper spatial rotations and
Ay is a pure LorenTz transformation along one of
the spatial axes 2* (k=1, 2,...,n). It suffices to
show that (5) has a unimodular solution for each
Lorentz matrix which is of one of these two types
to conclude that (5) also has such a solution for
any given restricted 4, since because of (6) and a
previous remark the unimodular matrix

B(R) B(4;) B(Ry)
corresponds to this A in the sense of (5).
We first prove that to the pure Lorentz transfor-
mation
2'%=cosh y 2° +sinh y 2%,
2% =sinh y 20 + cosh y 2¥ , (7
=2 (IF0,k),

with an arbitrary %, there corresponds the unimodu-
lar matrix

By, =cosh % 7y +sinh § y 74, (8)

in the sense of (5).
To establish the unimodularity of B;, we observe
that Eqs. (1) state that each 7, has unit square and
anticommutes with each 7; with [ = k. Therefore, if

this inequality obtains, 7= — 7, 7; 7 = — 7 7,7,
whence
Trace ;= — Trace 7, 7;7; ' = — Trace 7;=0.

Since 7;2 =1, the eigenvalues of 7 can only be *1.
In view of the tracelessness of 7;, half of these
eigenvalues, i. e., N/2 of them, are equal to +1 and
the remaining half are —1. Consequently, because
of the hermitean nature of 7;, there exists a unitary
matrix Uy such that

| Uk‘ry (9)
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where 0 and 1 denote the 4 N-dimensional zero and
unit matrices, respectively. From (8), (9), and 7y=1,

1 i o |
Bk=Uk{cosh% 3=
RN | SO (192
+Slnh2x‘i A [‘}U/~
ex/2.1: 0 |
= Uk !0e“l/21 U;,-T, (10)

so that By is unitarily equivalent to a unimodular
matrix and is therefore unimodular.

We proceed to show that Bj, corresponds to A .
From (9), the hermiticity of By, and the fact that
7y=7;2=1, we can obtain by direct calculation:

By 7y B;' = B;2 = (cosh & 3 74+ sinh 4 y1;) 2

=cosh 75+ sinh y 7z, (11a)

and similarly
By, 71 Bt =sinh y 7+ cosh x 71, (11b)
Byt Bit=7, (Fk). (11¢)

From (11 a) to (11c), By is seen to obey the n+1
Egs. (5) for the pure Lorentz transformation (7).

Next we deal with a rotation by any angle ¢,
which takes place in the plane containing the spatial
axes 2F and 2! (k= 1):

% =2k cosp —atsing,

2l=aFsingp+2tcos g, (12)
Pr=a¢ (uFkIl),
We assert that the matrix
Byy=cost@ry+isint @i lr (13)

is unimodular and corresponds to this rotation.

That By; is unimodular can be shown by com-
bining the facts that the matrix i 1t 7; (k1) in
(13) is hermitean and that it is also, because of
(1), of unit square and traceless, with procedures
parallel to those just employed in proving the uni-
modularity of By . Computations analogous to those
carried out in the case of By serve to verify that
By, is indeed a solution of (5) pertaining to the
spatial rotation (12).

We now show that, for even n, (5) has a
unimodular solution B(A) for every orthochronous
A, and not merely for each restricted A. This is in
sharp contrast with the situation obtaining for odd
n = 3, in which case (5) has such a unimodular
solution only if A is a restricted LorENTZ matrix, as
will be proved later on in this section.
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It is well known that each improper orthochro-
nous A can be written, for example, as the product

A=i, 4, (14)
of the spatial reflection ,,:
= —2",
r#= z* (u=0,1,...,n-1), (15)

and a restricted Lorextz matrix 4. Since B(4,)
exists, as is shown by our previous discussions, we
only need to prove the existence of a unimodular
matrix B™ which corresponds to i, for each even
n to deduce that for every n of this type (5)
possesses the unimodular solution B(A)=B™ B(4,)
for every orthochronous A. Such a B™ is given by

B® iz,

B®W=115...71,.1 ,n=4 (16)

for every even n 5.
To prove that the matrices B® in (16) are uni-
modular, one notices that

det 7= (—1)¥2, (17)

an equation which holds because N/2 of the eigen-
values of 7; are 1 and the remaining N/2 are —1.
Cobining (16) and (17) with the fact that N/2 is
odd for n=2, 3 and even for n = 4, the asserted
unimodularity property follows immediately.
For even n, one easily sees from (1) that the B™
in (16) satisfy the equations
BW g, Bt ey, (u=0,1,..
B® g, BWt = _¢,

'9n—1)9
(18)

which are necessary and sufficient conditions for
these B™ to correspond to 7, .

For odd n, on the other hand, because of

Ty Ty Tgio o Tt

5 The existence of a unimodular matrix B(%) corresponding
to i for even n for a given irreducible set {7z} (k=1, 2,
.., n) can also be established as follows. For every n of
this type, we adjoin to this set the matrix Tp+1=4n+17; 72
...7n and hence obtain an irreducible set {7z} (k=1, 2,
.., n+1) of n+1 matrices of dimension 27/2 fulfilling (1).
[Plainly, (1) would not be obeyed by all these n+1 matri-
ces if n had been assumed to be odd.] Now, we know that
there exists for each even n a 27/2 dimensional, unimodular
matrix B(n) satisfying (5) for this last set of 7% in the case
of the restricted Lorextz transformation (spatial rotation)
in n+1 spacelike dimensions given by z'#=zu (u=1, 2,
.., n—1), 2’n=—gn, g’ntl=_—gn+1 Such B(n) are im-
mediately seen to obey (18) and therefore to correspond to
in.
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there can be no B™ to satisfy (18). The first equa-
tion (18), for u=0, shows that B® would have to
be unitary. This unitarity and the rest of the same
equation shows that B would have to commute
with all 7;, ..., 7,_1. It cannot anticommute then
with T,=4,7,7...7y_1.

We complete the proof of Theorem 1 by showing
that, if the unimodular matrices B; and B, corre-
spond to the same LoreNntz matrix 4, then B; and
B, are equal to within a factor of an N root of
unity. Our method of proving this assertion is
parallel to the one applied in reference 2 to the spe-
cial case n=3.

One easily finds from (5) and the nonsingularity
of By and B,:

B, Byv, =%, Bt B™t (p=0,1;..45n), (19)
Setting =0 in (19), we infer that
Bl_l B2:B1T B2T_1
and hence that
B,/ 'B,t,=7B,;71B, (k=1,2,...,n). (19)

However, as was proved in reference 4, the irredu-
cible set {7z} (k=1,2,...,n) generates an irredu-
cible representation of a certain finite abstract
group. Therefore, (19°) entails that B;"!B, com-
mutes with all the matrices of this representation
and thus that it is a multiple @ 1 of the N x N unit
matrix, i. e., that

B,=waB3,. (20)
Taking the determinant of both sides of (20), the

unimodularity of B; and B, yields that wV=1, so
that B; and B, are related in the stated manner.

Proof of Theorem 2.

We first dispose of the easy matters of the uni-
queness and reality of the matrix L= |L%| in
(5"). The first property follows immediately from
the linear independence of the matrices 7,. The
reality of L can be proved by taking the hermitean
adjoint of both sides of (5") and using the equation
7,'=7,, thus obtaining

ZZ"v Ty= Z L”v Tus
u n

where ~ means complex conjugation. Hence L*, =
L*, because of the linear independence of the 7,.
Incidentally, for each n, the hermiticity of the 7, can
also be shown to be necessary to insure the reality
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of the matrix L corresponding to each unimodular
N-dimensional matrix B.

Lemma 1. The matrix X(y) = Zy* 1, is posi-
tive (negative) definite if and only if the (n+ 1)-vec-
tor y is timelike and y°>0 (y°<0). It is nonsingu-
lar and indefinite if and only if y is spacelike. It is
semidefinite if and only if y is a null vector.

Proof. If y is timelike it can be written as
y=A""(a,0,0,...,0), where a+ 0 has the same
sign as %° and A’ is a restricted LorENTz matrix.
Hence, by Theorem 1, there exists a unimodular

B(A’) such that

X(y) =B(4’) X((a,0,0,...,0)) B(4)
=B(4’) (atg) B(A')t=aB(A’) B(A)*, (21a)

so that X(y) is positive (negative) definite if a,
and therefore %%, is positive (negative).

If y is spacelike, there is a restricted LorenTz
matrix A” such that y=4"+(0,5,0,...,0), and
therefore a unimodular matrix B(A”) in terms of
which

X(y) =B(4”) X((0,5,0,...,0)) B(4")*

—bB(A”) 7, B(A")1. (21b)

Because the characteristic values of 7; are 1 and —1,
(21Db) implies that X (y) is nonsingular and indefi-
nite for such spacelike y.

If y is a null vector, a restricted LorENTZ matrix
A" and a unimodular B(A"’) can be found such
thaty=A4""(c,¢,0,...,0). Therefore,

X(y) =B(4"”) X((c,¢,0,...,0)) B(4")*

—cB(A”) (to+7;) B(4™)? (21¢)

in this case. Now, the characteristic values of 74+ 74
are 0 and 2, so that (21c) informs us that X (y)
is semidefinite for each null vector y. One can prove
this property of 7y+7; by first observing that (1)
implies that (7y+7,)2=2(7y+7,), whence 74+ 7,
has at least one of the numbers 0, 2 as characteris-
tic values. Not all of the characteristic values
of the matrix 7y+7, are the same for, if they
were, it would be a multiple of the unit matrix and
would thus commute with all the 7z, contrary to
(1), so that both 0 and 2 are eigenvalues of 7,+ 7, .

Lemma 2. For each (n+ 1)-vector vy,

det X (y) = ()", (22)

where y?= (y°)2— (y1)2— (y*)2—...— (y")2 (23)
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Proof. Suppose that y is spacelike. Then we infer
from (21b), the unimodularity of B(A”) in this
equation, (17), and (23), that

det X (y) = bV det 7y = bV (—1)M2 = (—b2)M2
— (yz)N/z_

A similar, simpler, proof yields (22) when y is
timelike.

Proceeding as in the previous two cases, one ob-
tains for each null vector y, employing (21c¢) and
the singular nature of 7y + 7,:

det X (y) =cVdet(rg+74) =0,

so that (22) also holds in this case.

Returning to Theorem 2, let B denote an arbitrary
unimodular matrix for which there exists a matrix L
such that (5') is fulfilled, so that the equation

BX(y) B'=X(Ly) (24)

holds identically for this B and L. Applying Lemma
2 to (24), one concludes that

((Ly) 2)1v/2= (yz) N/2’
(Ly)2=60(L,y) ?/2,

where @ (L,y) is an 3 N* root of unity [Actually,
w(L,y) = %1 since L is a real matrix].
Eq. (25) entails trivially that

(Ly):=y? (26)

for any null vector y. We wish to show that (26)
also obtains for each timelike and each spacelike y.
By virtue of (25), this is equivalent to proving that
(Ly)? is timelike or spacelike if 32 has one of these
respective properties.

Let us apply Lemma 1 to a timelike vector y
having %°>0. Then X (y) is positive definite and
so is X(Ly) =B X(y) B!, since B is nonsingular,
which implies that Ly is timelike and (Ly)?%>0.
Similarly, if ¥ is timelike and %<0, we conclude
that then Ly is timelike and (Ly)°<0. The fact
that L y is spacelike when y has this last property is
proved analogously.

that is, (25)

Hence, we have shown that L is a real homo-
geneous LoreNTz transformation. Moreover, L% >0,
i. e., L is orthochronous, since (Ly)? has the same
sign as y° for each timelike y.

It remains to be established that, for every odd
n = 3, the matrix L corresponding in the sense of
(5") to each unimodular N x N matrix B is a re-
stricted LoreENTz matrix. This will certainly be the
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case if there does not exist for any such n an N X N
unimodular matrix which satisfies (5’) when
L is chosen to be the improper LorENTZ matrix i,
pertaining to the spatial reflection (15). This was,
however, established after (18).

2. Generalization to n = 2 of a Theorem on the
Unimodular Matrices Associated with the
Transpose of a Lorentz Matrix

Whe shall present two proofs of the following
theorem:

Theorem 3. One has
B(AT) =w B(A)*t (27)

for every orthochronous or restricted (n+ 1)-dimen-
sional Lorentz matrix A in the respective cases of
even n or of odd n = 3, where w is an N* root of
unity.

In these proofs and in all of the subsequent dis-

. ’ ’” .

cussions, symbols such as w,, w;, Wy, ®’, ®" will
serve to denote V' roots of unity.

First Proof

Since, if the unimodular matrices B(4,) and
B(A,) correspond to the respective LorENTZ matri-
ces A,, Ay, then B(A, A,) corresponds to Ay A,,
one finds from Theorem 1

B(4, 45) = wy B(4,) B(4y). (28 a)
B(A™Y) =wyB(A) 1. (28Db)

If theorem 3 holds for A4, and 4,, it also holds
for A, A, . Indeed, its validity for A4, and 4, entails
B((4;45)")=B(4," 447) =" B(4,") B(4,")

=" B(4,)"B(4y)*

=" (B(4,) B(4y))*

=o' B(4; 4,)1,
where we have used (28 a) and elementary proper-
ties of the roots of unity. Hence (27) holds for the
product A=A, 4,5,..., 4, of any finite number r
of factors if it holds for each of these factors.

But each restricted or improper orthochronous
LoreNtz matrix 4 can be expressed as a product
(6) of two proper spatial rotations and a pure Lo-
RENTZ transformation A; or as a product (14) of a
spatial reflection matrix i, and a restricted LorenTz
matrix, respectively. Hence it suffices to prove (27)
for the case when A is equal to a proper spatial ro-
tation R, or to A or i, .

Similarly,
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Let A=R. Applying (4) to the vector z= (1,0,
0, ..., 0), or setting »=0 in (5), we find that
2'=Rz=z and X () = X(z") =75=1. Therefore

B(R) B(R)T=1
i.e., B(R) is unitary. In view of this fact, the pro-
perty RT=R™1, and (28D),
B(R™) =B(R™") =wy B(R) "*=wyB(R)',

so that (27) holds for such rotations.
If A=4; or A=i,, then AT=./4. Moreover,

the unimodular matrix By in (8) corresponding to
Ay and the unimodular matrix B™ in (16) per-
taining to i, for even n have the properties

BkT=Bk and B(")T=iB(”),

where the + (—) sign obtainsif n=4m+2 (n=2
orn=4m),form=12,.... Consequently, if 4=
Ay or A=1i,, we infer by employing Theorem 1

that
B(AT) =B(A4) =wy B(4)*,

so that (27) also obtains for these two types of 4.
Therefore (27) is valid for arbitrary orthochronous
(restricted) A for even n (odd n = 3).

Second Proof
This proof is based on the equation
X(Gz)=22X(x)"1, (29)

where G is the diagonal matrix in (3) with diagonal
elements 1, —1, ..., —1 and 2? is defined in (23).
Eq. (29) holds for any (n-+1)-vector x for which
22==0.

In order to prove that such z satisfy this equation,
we employ (1), (2), and the equations gy =1,
Jrr= —1 to write

X(z) X(Gx) = Z’C“ (Zgwx”h)
%‘qux (s Tu T + Fusss T T)
oy

=3>2F (-1 — 1)
il
+%k2 * 20 (79 — 79 T2)
+%§z0x’(—‘tzro+zorl)
+ (2%) 2 (7% + 70%)
=[- %(z")z + (292 1=221.

Therefore, if 22+ 0, X (z) ~! exists and obeys (29).



UNIMODULAR MATRICES HOMOMORPHIC TO LORENTZ TRANSFORMATIONS

To prove Theorem 3, we begin by using (3) and
the property G =1 to write

AT=GA71G. (3")
We also observe that, since 47! and G are Lorentz
transformations,

(A71G2)%= (Gx)2 =22, (30)

so that, in particular, 47! Gz and Gz are not null
vectors if z is not a null vector.

Let A pertain to one of the Lorentz groups spe-
cified in Theorem 3 and let 22 = 0. We then obtain,
by combining (29) with (3), (4), (28b), and
(30) :

X(ATz) =X (G(A™1Gz))
=(A7162)2X (A7 G2) !
=2?[B(47) X(Gx) B(A™H) ]
=x2[B(A)_1'x2 X (z) ——1.B(A)T—1]-—1

=22B(A)" X (x) (B(A)T)F. (31)

Now, as is clear geometrically and easy to estab-
lish algebraically, each null (n+1)-vector can be
written as the sum of two (n+ 1)-vectors which are
not null. Hence, because of the linearity of X (z)
in z, (31) is also valid when 22 =0, and thus holds
for all (n+1)-vectors x8 We therefore conclude
that B(A)" corresponds to AT, and therefore that it
differs at most by a factor of an N** root of unity
from B(AT).

It may be of interest to point out that (27) al-
lows one to prove very rapidly that B(A) is unitary
of and only if A is a spatial rotation, and that a
necessary and sufficient condition for B(A) to be
hermitean or skew hermitean is that 4 be symmetric.

In conclusion, we shall prove that for n=2, 3 it
is impossible to select a B(A) so that (27) obtains
with the + sign for all relevant 4, but that for
n >3 one can make such a selection.

If B is a unimodular matrix corresponding to 4,
then B corresponds to AT by Theorem 3. Hence the
most general unimodular matrices B(A) and B(AT)
corresponding to A and AT are

B(4d)=w'B,
B(AT) =" B'

(32a)
(32b)
and therefore

B(A") =w"” Bt =" (&' B(A))t =" w” B(A4)*'.

8 The fact that (31) holds for null (n+1)-vectors z can also
be proved by a continuity argument.
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If AT+ A, »" and ®” can be chosen independently,
and therefore (27) can be made to hold with w =1
for each n = 1 for such A.

Let us now investigate the case when A=AT.
If B is an arbitrary unimodular matrix correspond-
ing to a A of this type, then clearly

Bt=w""B. (33)

If A is any Lorentz transformation, symmetric or
not, such that (5) has unimodular solutions cor-
responding to it then among these solutions there is
one of the form

B= ;CA T4, (34)
where the summation runs over a set of linearly
independent matrices 74 which are products of the
7;, and which therefore have the property 74" =
* 74, and all the coefficients ¢4 are real and are
evidently not all zero. One can prove (34) by com-
bining the fact that a restricted or improper ortho-
chronous 4 can be written in one of the respective
forms (6) or (14) with (8) and with the simple
result that to each proper spatial rotation there cor-
responds a unimodular matrix which is the product
of matrices of the type (13). From Egs. (33) and
(34),

> teara=0" Feyra,
4 A

whence @’ =1, so that (33) becomes
B'=*B (33")

for a B of the form (34). Because of (32a) and
(33"), the most general matrix B(A) corresponding
to a symmetric A obeys

B(AT) =B(A) =o' B= t o’ Bt
=+ (@ B(A4))t= £ ()2B(A)1.

Let A be a spatial rotation (12) in the z*¥ —2/
plane with ¢ =at. Then AT = A and the unimodular
matrix B =1, 7,= — B' corresponds to this 4. Hence
(39) obtains with a — sign for this 4. Suppose
now that n=2, 3. Then N=2, so that (0’)2=1,
and therefore (35) yields B(AT) = —B(A)" for the
rotation in question, no matter how B(A) is chosen.

If N=4, N is divisible by 4, and hence i is an
N root of unity in this case. Therefore we can al-
ways choose ®” in (35) for any n of this type so
that £ (0’)2=1, i.e., so that (27) holds with
w=1 when AT=A. Consequently, (27) can be
made to hold with this value of w for all 4 of
interest when n > 4.

(35)



